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The study of stretching surfaces through various combinations
is important in many practical applications. For instance the pro-
duction of sheeting material arises in a number of industrial man-
ufacturing processes which include both metal and polymer
sheets. After the initial contribution of Crane [1], various research-
ers extended the flow over a stretching surface in directions of
Newtonian and non-Newtonian fluid models under different
geometries. Turkyilmazoglu [2] analyzed the equivalences and cor-
respondences between the deforming body induced flow and heat
in two–three dimensions. Recently, Turkyilmazoglu [3] gives an
analytical treatment for the exact solutions of MHD flow and heat
over two–three dimensional deforming bodies. The subject of non-
Newtonian fluid dynamics is quite popular amongst the recent
investigators. This is because of extensive applications of such flu-
ids in industry and technology There are several materials like
polymer solutions, colloidal and suspension solutions, apple sauce,
clay coating, shampoos, paints, certain oils, cement, sludge, drilling
muds, food products, paper pulp, aqueous foams, slurvies, grease
which do not obey the Newton’s law of viscosity. The viscoelastic
properties of such fluids lead to more complicated and higher order
nonlinear equations. Such equations provide interesting complex-
ities to the modelers, mathematicians and computer scientists.The classification of non-Newtonian fluids is organized under three
classes namely differential, integral and rate (see [4–10] and sev-
eral Refs. therein for detail).
Although considerable efforts have been made to study the
flows of second and third grade fluids (the subclasses of differential
type fluids) but the rate type fluids are not much addressed. Max-
well model is the simplest subclass of rate type fluids. This fluid
model only captures the relaxation time effects. Oldroyd-B fluid
is another model taking into account the both relaxation and retar-
dation times effects [11,12]. Moreover the Fourier’s law provides a
relation between energy flux and temperature gradient and Fick’s
law is applied for the correlation of mass flux and concentration
gradient. The energy flux due to the composition gradient ia known
as the Dufour or diffusion-thermo effect. The mass transfer created
by the temperature gradient is called as Soret or thermal diffusion
effect. In general, these effects are of a smaller order of magnitude
and mostly neglected in heat and mass transfer problems.
Especially the thermal-diffusion effect has been utilized for isotope
separation and in mixtures between gasses with very light molec-
ular weight (H2, He) and of medium molecular weight (N2, air)
[13,14] and diffusion thermo effect was found to be of a magnitude
such that it may not be neglected in certain condition [15,16]. Soret
and Dufour effects has a great importance for the fluids of very
light molecular weight and of medium molecular weight [17–20].
The present study addresses the mixed covection flow of an
Oldroyd-B fluid bounded by a linear stretching surface with con-
vective boundary conditions. Heat and mass transfer effects are
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tion of present study is as follows. Next section develops the for-
mulation of the problem. Section three contains the series
solutions by using homotopy analysis method (HAM) [21–27]. Sec-
tions four and five consists of convergence and analysis of results.
Last section contains the concluding remarks.
Mathematical model
We choose x-axis along the stretching surface in the flow direc-
tion and y-axis is taken perpendicular to the surface. An incom-
pressible Oldroyd-B fluid is considered. The surface satisfies the
convective boundary conditions. Further, the Soret and Dufour
are taken into account. The Physical Model and boundary layer
equations in an Oldroyd-B fluid are (see Fig. A)
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where u and v denote the velocity components in the x- and y-
directions respectively, k1 and k2 the relaxation and retardation
times respectively, T the fluid temperature, C the concentration
field, m the kinematic viscosity, q the fluid density, De the mass dif-Fig. A. Physical model.fusivity, am the thermal conductivity, kT the thermal-diffusion ratio,
Cp the specific heat, Cs the concentration susceptibility, Tm the fluid
mean temperature and r the fluid electrical conductivity.
The boundary conditions are expressed in the following forms
u¼ uwðxÞ ¼ cx; v ¼ 0; k@T
@y
¼ hðTf  TÞ; C ¼ Cw at y¼ 0; ð5Þ
u! 0; T ! T1; C ! C1asy!1 ð6Þ
in which Tf denotes the convective fluid temperature, T1 the ambi-
ent temperature and k the thermal conductivity.
Setting the following transformations
g ¼ y
ﬃﬃﬃ
c
m
r
; u ¼ cxf 0ðgÞ; v ¼  ﬃﬃﬃﬃﬃcmp f ðgÞ; hðgÞ ¼ T  T1
Tf  T1 ; /ðgÞ
¼ C  C1
Cw  C1 ; ð7Þ
incompressibility condition (1) is automatically satisfied and the
other equations give
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In above expressions the prime indicates the differentiation
with respect to g; b1 ¼ k1c and b2 ¼ k2c are the Deborah num-
bers; k ¼ Grx
Re2x
the mixed convection parameter with Grx ¼ gbT ðTT1Þx3m2
as the Grashof number, Rex ¼ Uxm the local Reynold number,
Pr ¼ m=am the Prandtl number, c ¼ ðh=kÞ
ﬃﬃﬃﬃﬃﬃﬃ
m=c
p
the Biot number,
Le ¼ m=De the Lewis number, Df the Dufour number and Sr the
Soret number. The definition of Df and Sr are
Df ¼ DekTCsCp
ðCw  C1Þ
ðTf  T1Þm ; Sr ¼
DekT
Tmm
ðTw  T1Þ
ðCw  C1Þ : ð14Þ
Local Nusselt and local Sherwood numbers in dimensionless
coordinates are expressed as follows:
NuðRexÞ1=2 ¼ h0ð0Þ; ð15Þ
ShðRexÞ1=2 ¼ /0ð0Þ: ð16Þ
In the next section we will develop the homotopy solutions for
the resulting problems.
Series solutions
The initial guesses and auxiliary linear operators are taken as
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ð20Þ
in which Ci ði ¼ 1 7Þ denote the arbitrary constants.
Zeroth and mth order deformation problems
Having the non-linear operators N f ;N h and N / in the forms
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the corresponding problems at the zeroth and mth orders can be
expressed as follows:
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where p 2 ½0;1 is an embedding parameter and hf ; hh and h/ are the
nonzero auxiliary parameters. Taylor’s series gives
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and when p ¼ 0 and p ¼ 1 then
f^ ðg;0Þ ¼ f 0ðgÞ; f^ ðg;1Þ ¼ f ðgÞ; ð41Þ
h^ðg;0Þ ¼ h0ðgÞ; h^ðg;1Þ ¼ hðgÞ; ð42Þ
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We choose the auxiliary parameters in such a way that the ser-
ies solutions converge for p ¼ 1 and so
f ðgÞ ¼ f 0ðgÞ þ
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The general solutions ðf m; hm;/mÞ in terms of special solutions
ðf m; hm;/mÞ can be written as follows
f mðgÞ ¼ f mðgÞ þ C1 þ C2 expðgÞ þ C3 expðgÞ; ð47Þ
hmðgÞ ¼ hmðgÞ þ C4 expðgÞ þ C5 expðgÞ; ð48Þ
/mðgÞ ¼ /mðgÞ þ C6 expðgÞ þ C7 expðgÞ: ð49Þ
Fig. 1. h-curves for the functions f ; h and /.
Table 1
Convergence of homotopy solutions for different order of approximations when
b1 ¼ 0:2; b2 ¼ 0:1; Pr ¼ 0:7; c ¼ 1:0; Df ¼ 0:3; Sr ¼ 0:2; Le ¼ 1:0;N1 ¼ 1:0; hf ¼ hh ¼ h/
¼ 1:0.
Order of approximations f 00ð0Þ h0ð0Þ /0ð0Þ
1 0.82500 0.39104 0.43194
5 0.79502 0.30304 0.45255
10 0.79137 0.29030 0.46033
15 0.79129 0.28971 0.46071
20 0.79132 0.28991 0.46044
25 0.79133 0.28993 0.46042
30 0.79133 0.28993 0.46043
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The convergence analysis of the series solutions depends upon
the auxiliary parameters hf ; hh and h/. Hence the hcurves for
the 17th order of approximations are plotted. It is found that the
admissible ranges of hf ; hh and h/ are 1:7 6 hf 6 0:20;
1:5 6 hh 6 0:25 and 1:5 6 h/ 6 0:40. The series ð45 47Þ
converge in the whole region of g when hf ¼ hh ¼ h/ ¼ 1:0 (see
Fig. 1). Table 1 indicates that how much terms for each physical
quantity are required for the convergent solution. It is noticed that
less number of terms are required in the convergent expression of
Table 2.Discussion
Interest in this section is to analyze the variations of different
emerging parameters on the physical quantities like temperature,Table 2
Values of local Nusselt number and Sherwood number for the parameters b1; b2; b3 ; Pr; Sr;
b1 b2 k Pr Sr Df
0.0 0.2 0.1 0.7 0.5 0.8
0.2
0.4
0.2 0.0
0.2
0.4
0.2 0.2 0.0
0.2
0.4
0.2 0.2 0.2 0.8
0.9
1.0
0.7 0.0
0.2
0.4
0.2 0.0
0.2
0.4
0.2concentration field, local Nusselt and Sherwood numbers. Figs. 2–
10 are displayed to see the variations of Deborah numbers b1 and
b2, mixed convection parameter k, Biot number c, Prandtl number
Pr, Dufour number Df, Lewis number Le and Soret number Sr on the
temperature of fluid hðgÞ. Figs. 2 and 3 present the effects of b1 and
b2 on hðgÞ. We analyzed that Deborah numbers through relaxation
and retardation times have opposite effects on the temperature of
the fluid. Here Deborah number in terms of b1 is dependent upon
relaxation time and Deborah number through b2 contains the
retardation time. It is observed that the relaxation time increases
the fluid temperature and retardation time decreases the temper-
ature. It is shown in Fig. 4 that the mixed convection parameter
kdecreases the temperature hðgÞ. An increase in Biot number leads
to an increase in fluid temperature and thermal boundary layer
thickness. Further we see that c ¼ 0 results in zero temperature
(see Fig. 5). Fig. 6 depicts that an increase in Prandtl number shows
a decrease in temperature and thermal boundary layer thickness.
Large Prandtl number has lower thermal diffusivity and lower
thermal diffusivity decreases the temperature. Fig. 7 shows that
Dufour number and Prandtl number have opposite behaviours on
hðgÞ. Further the temperature decreases more rapidly in case of
Prandtl number when compared with the Dufour effects. The vari-
ations of Lewis and Soret numbers are seen in the Figs. 8 and 9. An
opposite behaviour is noticed here for Le and Sr. Fig. 10 illustratedDf ; Le; c and N1 when k ¼ 0:1.
Le c N1 h0ð0Þ /0ð0Þ
1 1 1 0.29514 0.47225
0.28993 0.46033
0.28525 0.44998
0.28797 0.45592
0.29176 0.46462
0.29508 0.47226
0.27062 0.41866
0.29176 0.46463
0.30305 0.49095
0.30136 0.50625
0.30891 0.54602
0.31480 0.58434
0.28679 0.49981
0.29176 0.46462
0.29679 0.42800
0.33235 0.45353
0.30546 0.46096
0.27788 0.46830
1.0 0.30546 0.46094
1.2 0.30001 0.51681
1.4 0.29513 0.56908
1.0 1.0 0.30546 0.46094
1.2 0.32396 0.45920
1.4 0.33863 0.45781
1.0 1.0 0.30546 0.46094
1.2 0.30700 0.46444
1.4 0.30846 0.46779
Fig. 2. Effect of b1 on h.
Fig. 3. Effect of b2 on h.
Fig. 4. Effect of k on h.
Fig. 5. Effect of c on h.
Fig. 6. Effect of Pr on h.
Fig. 7. Effect of D f on h
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Fig. 8. Effect of Le on h
Fig. 9. Effect of Sr on h
Fig. 10. Effect of N1 on h.
Fig. 11. Effect of b1 on /.
Fig. 12. Effect of b2 on /.
Fig. 13. Effect of k on /.
922 M. Bilal Ashraf et al. / Results in Physics 6 (2016) 917–924
Fig. 14. Effect of c on /.
Fig. 15. Effect of Pr on /.
Fig. 16. Effect of Df on /.
Fig. 17. Effect of Le on /.
Fig. 18. Effect of Sr on /.
Fig. 19. Effect of N1 on /.
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924 M. Bilal Ashraf et al. / Results in Physics 6 (2016) 917–924that temperature and associated thermal boundary layer thickness
are decreasing functions of N1 .
Figs. 11–19 plot the effects of b1; b2; k; Pr;Df ; Le; Sr and N1 on the
concentration field /ðgÞ. It is shown in the Figs. 11 and 12 that the
effects of b1 and b2 on /ðgÞ are qualitatively similar to that of hðgÞ.
The concentration field and associated boundary layer thickness
show a decrease when mixed convection parameter kincreases.
Both concentration profile and the boundary layer thickness
increase when Biot number increases (Fig. 14). Fig. 15 shows that
in case of Prandtl number Pr the concentration profile decreases
rapidly in comparison to temperature profile. Figs. 16 and 17 show
that the behaviors of the temperature and concentration profiles
are quite opposite in case of Dufour number. This shows that the
Dufour number corresponds to weaker concentration and stronger
temperature. Concentration profile and associated boundary layer
thickness decrease with the increase in Lewis number. Fig. 18
pointed out that the larger Soret number has a strong concentra-
tion. Effects of radiation parameter N1 on the concentration are
qualitatively similar to that of temperature (see Figs. 19 and 10).Conclusions
Mixed convection flow of an Oldroyd-B fluid is investigated in
the presence of convective boundary condition and Soret and
Dufour effects. The main observations are pointed out below.
 Effects of b1 and b2 on temperature and concentration fields are
similar.
 Effects of Prandtl number decreases the temperature, concen-
tration and boundary layer thickness.
 Effects of Soret number Sr on hðgÞ and /ðgÞ are reverse.
 Thermal boundary layer thickness and temperature field
increase when Df increases.
 There are opposite effects of local Nusselt number and local
Sherwood number when Df and Le increase.Acknowledgement
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